1. Introduction. Let If be a domain in the extended complex plane S. For every positive numberp, let Hp(W) be the class of all single-valued analytic functions f in W for which \f\p admits a harmonic majorant there. Let Op denote the class of W such that Hp(W) contains no functions but the constants. Set Op~ = U {Oq: 0 < q < p). In this paper we deal with the inclusion relations among these classes of plane domains. The corresponding problem for arbitrary Riemann surfaces is completely solved by Heins [2] . For plane domains, however, the best results that we know by now are the following, one of which is due to Hejhal [4] , and the other to the author [5] :
Theorem A (Hejhal). For n = 2,3,...,
Theorem B (Kobayashi). For n = 2,1,..., andp > n/2, (2) On/2 < Op.
Here < means a strict inclusion relation. The object of this paper is to prove the following theorem, which evidently includes the above two.
Main Theorem. Ifp > 1, then (3) Op-< Op. Corollary. Ifp > 1 and q < p, then (4) Oq < Op.
The Corollary is an easy consequence of the Main Theorem, since Oq < O,' if q < p.
The idea of this paper was partially motivated by that of Hejhal [3] , [4] . I would like to express my sincere thanks to Professor N. Suita for his encouragement and helpful suggestions.
2. Hejhal's lemmas. In this section we state two lemmas, which were proved by Hejhal [4, Theorems 10 and 17]. As for Lemma 2, however, we give another proof which is more elementary than that of Hejhal's and essentially due to Shimbo [6] . We shall show that s is superharmonic in C -B. To show this, it is sufficient to prove that s is superharmonic on the line (z: Im z = 2). But this follows easily from (5) (see the proof of Lemma 3 below). Then we see that s(z) + s(z) serves as a superharmonic majorant of |Im z| in C -B. Since |Im z| is subharmonic in C -B, it admits a harmonic majorant there, as desired.
3. Proof of the Main Theorem. We must construct a plane domain W such that W E Op -0~. Let F be as in Lemma 2, and \p be the conformai map of (f: |arg f | < 77} onto {z: |argz| < it/p) defined by the branch of z = V/p such that t/>(l) = 1. Let E0 be the image of F n {f : Re f > 0} under ^. Next we must show that Hq(W) contains a nonconstant function for any q < p. Let q be fixed with 0 < q < p. We shall prove that f(z) = z"1 belongs to Hq(W). Let w(z) = \z\~q. We must show that w admits a harmonic majorant in W. Let X be the least harmonic majorant of w,(f ) = I?!-"/' in S -F. We define x in Was follows: Proof. First we shall prove that 1, 2, 3) . Applying the maximum principle, we see that $k > 0 in {z: 9/2 < arg z < 9/2 + it/2). By letting k -» oo, we get (7).
Let z0 be any point with arg z0 = 9/2, and let r be a small positive number. Using (7) we see that M(z0) = A(z0) = ¿ jf2* X(z0 + reia) da >^C^o+^)da, and, hence, ju, is superharmonic at z0 as desired.
Added in proof. Recently M. Hasumi [7] has completely solved the H classification problem for plane domains, which we treated in this paper, in more general form than Heins [2] solved the problem for arbitrary Riemann surfaces.
